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and Debnath [S. Wu, L. Debnath, Inequalities for convex sequences and their applications,
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1. Motivation
Given two sequences x = (x1, x2, . . . , xk) and y = (y1, y2, . . . , yk) in Rk, we say that x majorizes y (in symbols, y ≺ x)
if the sum of the m largest entries of y does not exceed the sum of the m largest entries of x for all m = 1, 2, . . . , k with
equality form = k [3, p. 7].
It is well-known (see [3, p. 11], [9, Lemma 1]) that for any continuous convex function f : I → R, where I ⊂ R is an
interval such that xi, yi ∈ I , i = 1, 2, . . . , k, the following result holds:
y ≺ x implies
k−
i=1
f (yi) ≤
k−
i=1
f (xi). (1)
A sequence (a1, . . . , an) ∈ Rn is said to be convex [8, p. 318] if
ai ≤ ai−1 + ai+12 for i = 2, . . . , n− 1. (2)
By making use of (1), Wu and Debnath [9] have obtained, among other results, the following.
Theorem 1.1 ([9, Theorem 1]). Let (ai)ni=1 be a convex sequence, a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous convex
function and increasing on I.
Then for any (p1, p2, . . . , pk) ≺ (q1, q2, . . . , qk)(1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N, i = 1, 2, . . . , k, k ≥ 2), the following
inequality holds:
k−
i=1
ψ(api) ≤
k−
i=1
ψ(aqi). (3)
If ψ : I → R is a continuous concave function and decreasing on I, then the inequality (3) is reversed.
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As a straightforward corollary to [9, Theorem 1] and [9, Lemma 4] one has:
Corollary 1.2 ([9, Theorem 1, Lemma 4]). Let (ai)ni=1 be a convex sequence, a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous
convex function and increasing on I.
Let p = (p1, p2, . . . , pk) ∈ Rk and q = (q1, q2, . . . , qk) ∈ Rk, where k ≥ 2, 1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N,
i = 1, 2, . . . , k.
Assume that
∑k
i=1(pi − qi) = 0, and:
(i) p is monotonic nonincreasing, i.e.
p1 ≥ p2 ≥ · · · ≥ pk,
(ii) there exists an index 1 ≤ m ≤ k such that
qj − pj ≤ 0 ≤ qi − pi (4)
for i ∈ {1, 2, . . . ,m} and j ∈ {m+ 1, . . . , k}.
Then the inequality (3) holds.
In this paper, our purpose is to extend Theorem 1.1 and Corollary 1.2 by relaxing the majorization assumption on
sequences p and q. To do this, instead of (1) we use inequalities of the form
k−
i=1
ωif (yi) ≤
k−
i=1
ωif (xi), (5)
where x and y are certain sequences in Ik (not necessarilywith y ≺ x), and f : I → R is a continuous convex function on an
interval I ⊂ R, andωi > 0 for i = 1, 2, . . . , k (see [1,2,5]).We utilize similarly separable sequences on two sets of indiceswith
respect to a given pair of dual bases in Rk [6,7]. This method extends the applicability of the aforementioned inequality (3).
The paper is organized as follows. In Section 2 we collect some relevant terminology related to the notion of separable
sequences. Next, we show Theorem 2.1 generalizing Theorem 1.1 for such sequences. In Section 3 we demonstrate
Theorems 3.1, 3.6, 3.9 and 3.13 establishing some new collections of conditions leading to inequality (3) for some classes of
convex functions. Special cases of the theorems for some important families of sequences (e.g., monotonic nondecreasing,
star-shaped, convex, monotonic nondecreasing in mean, etc.) are contained in respective corollaries as well.
2. Similarly separable sequences and convex functions
In the first part of this section we quote some definitions from [6,7].
Throughout, ω = (ω1, . . . , ωk) ∈ Rk is a given sequence with positive entries. We introduce an inner product on Rk
given by
⟨a, b⟩ =
k−
i=1
aibiωi for a = (a1, . . . , ak) and b = (b1, . . . , bk). (6)
Let e = (e1, . . . , ek) be an ordered basis in Rk. A sequence v ∈ Rk is said to be e-positive (e-negative) if ⟨ei, v⟩ > 0
(resp. ⟨ei, v⟩ < 0) for all i = 1, 2, . . . , k.
Define J = {1, 2, . . . , k}. Let J1 and J2 be two sets of indices such that J1 ∪ J2 = J . (We do not assume that J1, J2 or J1 ∩ J2
are nonempty.) For a given scalar µ ∈ R and sequence v ∈ Rk, a sequence z ∈ Rk is said to be µ, v-separable on J1 and J2
(with respect to the basis e) if
⟨ei, z − µv⟩ ≥ 0 for i ∈ J1, and ⟨ej, z − µv⟩ ≤ 0 for j ∈ J2 . (7)
That is, if v is e-positive then z is µ, v-separable on J1 and J2 w.r.t. e if and only if
⟨ej, z⟩
⟨ej, v⟩ ≤ µ ≤
⟨ei, z⟩
⟨ei, v⟩ for i ∈ J1 and j ∈ J2. (8)
A sequence z ∈ Rk is said to be v-separable on J1 and J2 (w.r.t. e) if z is µ, v-separable on J1 and J2 for some µ.
We say that a mappingΦ : A → Rk, where ∅ ≠ A ⊂ Rk, preserves v-separability on J1 and J2 w.r.t. e ifΦ(z) is v-separable
on J1 and J2 w.r.t. e, provided z ∈ A is v-separable on J1 and J2 w.r.t. e.
Let e = (e1, . . . , ek) and d = (d1, . . . , dk) be a pair of dual bases in Rk, that is ⟨ei, dj⟩ = δij (Kronecker delta), i, j =
1, 2, . . . , k. Let v,w ∈ Rk and µ, λ ∈ R. Two sequences z, u ∈ Rk are said to be similarly separablew.r.t. (µ, v, e; λ,w, d) if
there exist index sets J1 and J2 with J1 ∪ J2 = {1, 2, . . . , k} such that:
(i) z is µ, v-separable on J1 and J2 w.r.t. e,
(ii) u is λ,w-separable on J1 and J2 w.r.t. d.
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For concrete interpretations of the above mentioned notions, see Theorems 3.1, 3.6, 3.9 and 3.13 and the corresponding
corollaries in Section 3.
It follows from [9, Lemma 7] that for a convex sequence (a1, a2, . . . , an), there exists a continuous convex function
ξ : [1, n] → R such that ar = ξ(r) for r = 1, 2, . . . , n.
By combining this result and [7, Theorem 2.2], we obtain the following.
Theorem 2.1. Let (a1, a2, . . . , an) be a convex sequence with a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous convex
function. Let ξ : [1, n] → R be a continuous convex function such that ar = ξ(r) for r = 1, 2, . . . , n.
Define function f : [1, n] → R by putting
f (s) = ψ(ξ(s)) for s ∈ [1, n]. (9)
Assume that f is convex. Let ϕ ∈ ∂ f , where ∂ f stands for the subdifferential of f , and write
Φ(t) = (ϕ(t1), . . . , ϕ(tk)) for t = (t1, . . . , tk) ∈ Ik. (10)
Assume that e = (e1, . . . , ek) is a basis in Rk, and d = (d1, . . . , dk) is the dual basis of e in Rk. Let w, v ∈ Rk be sequences
such that ⟨w, v⟩ > 0 with the inner product given by (6) for ωi > 0, i = 1, 2, . . . , k.
Let p = (p1, . . . , pk) and q = (q1, . . . , qk), where 1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N for i = 1, 2, . . . , k. Define
λ = ⟨q− p, v⟩/⟨w, v⟩.
Suppose that there exist index sets J1 and J2 with J1 ∪ J2 = {1, 2, . . . , k} such that:
(i) p is v-separable on J1 and J2 w.r.t. e,
(ii) q− p is λ,w-separable on J1 and J2 w.r.t. d,
(iii) Φ preserves v-separability on J1 and J2 w.r.t. e.
Under the above assumptions, the following assertions hold:
(A) If ⟨q− p, v⟩ = 0, then
k−
i=1
ωiψ(api) ≤
k−
i=1
ωiψ(aqi). (11)
(B) If ⟨q− p, v⟩ ≥ 0 and ⟨Φ(p), w⟩ ≥ 0, then (11) holds.
Proof. We have f (r) = ψ(ξ(r)) = ψ(ar) for r = 1, 2, . . . , n. In consequence, f is a continuous convex function on [1, n]
with f (pi) = ψ(api) and f (qi) = ψ(aqi) for i = 1, 2, . . . , k. Making use of [7, Theorem 2.2], we conclude that the assertions
(A) and (B) of Theorem 2.1 are valid. 
Remark 2.2. (a) Unlike in Theorem 1.1, in Theorem 2.1 we do not assume thatψ is increasing. Instead we assume that f is
convex.
(b) Assumptions (i) and (iii) of Theorem 2.1 can be replaced by the condition thatΦ(p) is v-separable on J1 and J2 w.r.t. e.
3. Applications
In this section we present specifications of Theorem 2.1 for some dual bases e and d in Rk and sequences v,w ∈ Rk.
Simultaneously, we give interpretations of the notion of similarly separable sequences in such concrete cases.
Throughout, ωi > 0, i = 1, 2, . . . , k, and (a1, a2, . . . , an) ∈ In is a convex sequence, and also ψ : I → R is a continuous
convex function, and f : [1, n] → R is the function defined by (9), where ξ : [1, n] → R is a continuous convex function
such that ξ(r) = ar for r = 1, 2, . . . , n (see [9, Lemma 7]). In addition, we assume that f is convex, and ϕ ∈ ∂ f , where ∂ f
stands for the subdifferential of f , andΦ is defined by (10).
In Theorem 3.1 we give an extension of Theorem 1.1 by using Theorem 2.1 and [7, Corollary 2.3] for the sequences
v = w = (1, . . . , 1  
k times
) (12)
in the space Rk equipped with the dual bases e = (e1, e2, . . . , ek) and d = (d1, d2, . . . , dk), where
ei = di = 1√
ωi
(0, . . . , 0  
i−1 times
, 1, 0, . . . , 0) for i = 1, 2, . . . , k. (13)
Theorem 3.1. Let (a1, a2, . . . , an) be a convex sequence with a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous convex
function. Let f : [1, n] → R given by (9) be convex with ϕ ∈ ∂ f .
For any k ≥ 2 consider sequences p = (p1, p2, . . . , pk) and q = (q1, q2, . . . , qk) (1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N, i =
1, 2, . . . , k).
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Define
λ = 1
Ωk
k−
i=1
(qi − pi)ωi, whereΩk =
k−
i=1
ωi. (14)
Under (12) and (13), assume that there exist index sets J1 and J2 with J1 ∪ J2 = {1, 2, . . . , k} such that:
(i) p is v-separable on J1 and J2 w.r.t. e, i.e.,
pj ≤ pi for i ∈ J1 and j ∈ J2, (15)
(ii) q− p is λ,w-separable on J1 and J2 w.r.t. d = e, i.e.,
qj − pj ≤ λ ≤ qi − pi for i ∈ J1 and j ∈ J2. (16)
Then the following two assertions (A), (B) hold:
(A) If
∑k
i=1(qi − pi)ωi = 0, then
k−
i=1
ωiψ(api) ≤
k−
i=1
ωiψ(aqi). (17)
(B) If
∑k
i=1(qi − pi)ωi ≥ 0 and
∑k
i=1 ϕ(pi)ωi ≥ 0, then (17) holds.
Proof. It is easy to check from (6), (12) and (14) that λ = ⟨q − p, v⟩/⟨w, v⟩. Applying (8) and (13) we see that the v-
separability of p and λ,w-separability of q − p are described by (15) and (16), respectively. So, by the assumptions (i), (ii)
of Theorem 3.1, we deduce that conditions (i), (ii) of Theorem 2.1 are fulfilled.
We shall show that condition (iii) of Theorem2.1 is satisfied. Since f is convex andϕ ∈ ∂ f ,ϕ is a nondecreasing function. If
z = (z1, . . . , zk) is a v-separable sequence on J1 and J2 w.r.t. e, then zj ≤ zi for i ∈ J1 and j ∈ J2. In consequence, ϕ(zj) ≤ ϕ(zi)
for i ∈ J1 and j ∈ J2. Thus the sequence Φ(z) = (ϕ(z1), . . . , ϕ(zk)) is v-separable on J1 and J2 w.r.t. e. Accordingly, the
mappingΦ defined by (10) preserves v-separability on J1 and J2, as required.
Simultaneously, by (6), (12) and (10), we get ⟨q− p, v⟩ =∑ki=1(qi − pi)ωi and ⟨Φ(p), w⟩ =∑ki=1 ϕ(pi)ωi. Therefore, by
virtue of Theorem 2.1, we obtain the assertions (A) and (B) of Theorem 3.1. 
Remark 3.2. The quantity λ defined by (14) can be interpreted as the weighted mean of the entries qi − pi, i = 1, 2, . . . , k,
of the sequence q− pwith normalized weights ωi/Ωk.
Corollary 3.3. If the conditions (i), (ii) in Theorem 3.1 are replaced by:
(i) p is monotonic nonincreasing (resp. nondecreasing),
(ii) q− p is monotonic nonincreasing (resp. nondecreasing),
then the assertions (A) and (B) of Theorem 3.1 remain valid.
Proof. It is readily seen that if both p and q− p are monotonic nonincreasing sequences, i.e.,
p1 ≥ · · · ≥ pk and q1 − p1 ≥ · · · ≥ qk − pk,
then (15), (16) are fulfilled for the index sets J1 = {1, 2, . . . ,m} and J2 = {m+ 1, . . . , k} for somem.
Likewise, if both p and q− p are monotonic nondecreasing sequences, i.e.,
p1 ≤ · · · ≤ pk and q1 − p1 ≤ · · · ≤ qk − pk,
then conditions (15), (16) are fulfilled for J1 = {m+ 1, . . . , k} and J2 = {1, 2, . . . ,m} for some indexm.
Thus conditions (i), (ii) of Corollary 3.3 imply (i), (ii) of Theorem 3.1. So, applying Theorem 3.1 completes the proof. 
Corollary 3.4. If the conditions (i), (ii) in Theorem 3.1 are replaced by:
(i) p is monotonic nonincreasing,
(ii) there exists an index m such that
qj − pj ≤ λ ≤ qi − pi (18)
for j ∈ {1, 2, . . . ,m} and i ∈ {m+ 1, . . . , k},
then the assertions (A) and (B) of Theorem 3.1 remain valid.
Proof. Use Theorem 3.1 for J1 = {m+ 1, . . . , k} and J2 = {1, 2, . . . ,m}. 
Remark 3.5. In the case λ = 0 and ω1 = ω2 = · · · = ωk, Corollary 3.4 (assertion (A)) reduces to Corollary 1.2.
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In the forthcoming Theorem 3.6 we give another generalization of Theorem 1.1 by making use of Theorem 2.1
and [7, Corollary 2.6] for the sequences w and v defined by (12). We now equip the space Rk with the basis e =
(e1, e2, . . . , ek) consisting of the sequences
ei =
0, . . . , 0  
i−1 times
,
1
ωi
,− 1
ωi+1
, 0, . . . , 0
 for i = 1, 2, . . . , k− 1, (19)
ek =

0, . . . , 0,
1
ωk

. (20)
We also employ the dual basis d = (d1, d2, . . . , dk) of e, that is
di = (1, . . . , 1  
i times
, 0, . . . , 0) for i = 1, 2, . . . , k. (21)
Theorem 3.6. Let (a1, a2, . . . , an) be a convex sequence with a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous convex
function. Let f : [1, n] → R given by (9) be convex with ϕ ∈ ∂ f .
For any k ≥ 2 consider sequences p = (p1, p2, . . . , pk) and q = (q1, q2, . . . , qk) (1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N, i =
1, 2, . . . , k).
Let λ and Ωk be defined as in (14). Under (12) and (19)–(21), assume that there exist index sets J1 and J2 with J1 ∪ J2 =
{1, 2, . . . , k} such that:
(i) p is v-separable on J1 and J2 w.r.t. e, i.e., there exists µ ∈ R satisfying
pj − pj+1 ≤ 0 ≤ pi − pi+1 for i ∈ J1 and j ∈ J2 (22)
with the convention pk+1 = µ,
(ii) q− p is λ,w-separable on J1 and J2 w.r.t. d, i.e.,
1
Ωj
j−
l=1
(ql − pl)ωl ≤ λ ≤ 1
Ωi
i−
l=1
(ql − pl)ωl for i ∈ J1 and j ∈ J2, (23)
whereΩh =∑hl=1 ωl for h = 1, 2, . . . , k.
Then the following two assertions (A), (B) hold:
(A) If
∑k
i=1(qi − pi)ωi = 0, then (17) holds.
(B) If
∑k
i=1(qi − pi)ωi ≥ 0 and
∑k
i=1 ϕ(pi)ωi ≥ 0, then (17) holds.
Proof. It worth noting that the sequence v is not e-positive (see (12) and (19)–(20)). For this reasonwe use (7) and (19)–(20)
to show that condition (22) amounts to the v-separability of p. Moreover, by (8) and (21), we find that (23) means the λ,w-
separability of q− p.
Like in the proof of Theorem 3.1, we can prove that condition (iii) of Theorem 2.1 is satisfied, because ϕ is nondecreasing.
Applying (6), (12), (10) and (14) gives ⟨q − p, v⟩ = ∑ki=1(qi − pi)ωi and ⟨Φ(p), w⟩ = ∑ki=1 ϕ(pi)ωi and λ =⟨q− p, v⟩/⟨w, v⟩. Therefore it follows from Theorem 2.1 that Theorem 3.6 holds. 
A sequence (y1, y2, . . . , yk) ∈ Rk is said to bemonotonic nondecreasing inΩ-mean [8, p. 318] if
1
Ωh
h−
l=1
ylωl ≤ 1
Ωh+1
h+1−
l=1
ylωl for h = 1, 2, . . . , k− 1, (24)
whereΩh =∑hl=1 ωl for h = 1, 2, . . . , k.
Corollary 3.7. If the conditions (i), (ii) in Theorem 3.6 are replaced by:
(i) p is monotonic nondecreasing,
(ii) q− p is monotonic nondecreasing inΩ-mean, i.e.,
1
Ωh
h−
l=1
(ql − pl)ωl ≤ 1
Ωh+1
h+1−
l=1
(ql − pl)ωl for h = 1, 2, . . . , k− 1, (25)
then the assertions (A) and (B) of Theorem 3.6 remain valid.
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Proof. It is enough to apply Theorem 3.6, since (i), (ii) of Corollary 3.7 imply that conditions (22), (23) are satisfied for the
index sets J1 = {m+ 1, . . . , k} and J2 = {1, 2, . . . ,m} for somem. 
Corollary 3.8. If the conditions (i), (ii) in Theorem 3.6 are replaced by:
(i) p is monotonic nondecreasing,
(ii) there exists an index m such that
1
Ωj
j−
l=1
(ql − pl)ωl ≤ λ ≤ 1
Ωi
i−
l=1
(ql − pl)ωl (26)
for j ∈ {1, 2, . . . ,m} and i ∈ {m+ 1, . . . , k},
then the assertions (A) and (B) of Theorem 3.6 remain valid.
Proof. Use Theorem 3.6 for J1 = {m+ 1, . . . , k} and J2 = {1, 2, . . . ,m}. 
We now utilize Theorem 2.1 and [7, Corollary 2.10] for the sequencesw and v defined by
w = v = (1, 2, . . . , k) (27)
in the space Rk endowed with the dual bases e and d given by (13).
Theorem 3.9. Let (a1, a2, . . . , an) be a convex sequence with a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous convex
function. Let f : [1, n] → R given by (9) be convex with ϕ ∈ ∂ f .
For any k ≥ 2 consider sequences p = (p1, p2, . . . , pk) and q = (q1, q2, . . . , qk) (1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N, i =
1, 2, . . . , k).
Define
λ = 1Ωk
k−
i=1
(qi − pi)iωi, where Ωk = k−
i=1
i2ωi. (28)
Under (27) and (13), assume that there exist index sets J1 and J2 with J1 ∪ J2 = {1, 2, . . . , k} such that:
(i) p is v-separable on J1 and J2 w.r.t. e, i.e.,
pj
j
≤ pi
i
for i ∈ J1 and j ∈ J2, (29)
(ii) q− p is λ,w-separable on J1 and J2 w.r.t. d = e, i.e.,
qj − pj
j
≤ λ ≤ qi − pi
i
for i ∈ J1 and j ∈ J2, (30)
(iii) Φ preserves v-separability on J1 and J2 w.r.t. e, i.e., (29) implies
ϕ(pj)
j
≤ ϕ(pi)
i
for i ∈ J1 and j ∈ J2. (31)
Then the following two assertions (A), (B) hold:
(A) If
∑k
i=1(qi − pi)iωi = 0, then (17) holds.
(B) If
∑k
i=1(qi − pi)iωi ≥ 0 and
∑k
i=1 ϕ(pi)iωi ≥ 0, then (17) holds.
Proof. By (6), (27) and (28), we get λ = ⟨q− p, v⟩/⟨w, v⟩. It is not hard to prove by using (8) and (13) that conditions (29),
(30) are equivalent to the v-separability of p and λ,w-separability of q− p, respectively.
By (6), (27) and (10),wederive ⟨q−p, v⟩ =∑ki=1(qi−pi)iωi and ⟨Φ(p), w⟩ =∑ki=1 ϕ(pi)iωi. In consequence, Theorem3.9
follows from Theorem 2.1. 
Remark 3.10. The quantity λ given by (28) can be thought of as the weighted mean of the numbers qi−pii , i = 1, 2, . . . , k,
with normalized weights i2ωi/Ωk.
A sequence (y1, . . . , yk) ∈ Rk is said to be star-shaped [8, p. 318] if
yl
l
≤ yl+1
l+ 1 for l = 1, 2, . . . , k− 1. (32)
A function ϕ : I → R, t ∈ I , where I ⊂ R+, is said to be star-shaped if the function t → ϕ(t)t is nondecreasing (cf. [4]).
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Suppose thatϕ : I → R is a differentiable positive nondecreasing and convex function on a positive open interval I ⊂ R+,
and thatΦ(z) = (ϕ(z1), . . . , ϕ(zk)) for z = (z1, . . . , zk) ∈ Ik. It is known [7, Lemma 2.8] that if the function t → ϕ(t), t ∈ I ,
is star-shaped, thenΦ preserves star-shapedness of sequences, i.e., (32) implies
ϕ(yl)
l
≤ ϕ(yl+1)
l+ 1 for l = 1, 2, . . . , k− 1. (33)
Corollary 3.11. If the conditions (i)–(iii) in Theorem 3.9 are replaced by:
(i) p is star-shaped,
(ii) q− p is a star-shaped sequence,
(iii) the mapΦ preserves star-shaped sequences,
then the assertions (A) and (B) of Theorem 3.9 remain valid.
Proof. It is easily seen that conditions (29)–(31) are satisfied for J1 = {m+1, . . . , k} and J2 = {1, 2, . . . ,m} for somem. 
Corollary 3.12. If the conditions (i)–(iii) in Theorem 3.9 are replaced by:
(i) p is star-shaped,
(ii) there exists an index m such that
qj − pj
j
≤ λ ≤ qi − pi
i
(34)
for j ∈ {1, 2, . . . ,m} and i ∈ {m+ 1, . . . , k},
(iii) the mapΦ preserves star-shaped sequences,
then the assertions (A) and (B) of Theorem 3.9 remain valid.
Proof. Apply Theorem 3.9 for J1 = {m+ 1, . . . , k} and J2 = {1, 2, . . . ,m}. 
Finally,we employ Theorem2.1 and [7, Corollary 2.11] for the sequencesw and v defined by (27) in the spaceRk equipped
with the dual bases e and d defined by (19)–(21).
Theorem 3.13. Let (a1, a2, . . . , an) be a convex sequence with a1, a2, . . . , an ∈ I , and let ψ : I → R be a continuous convex
function. Let f : [1, n] → R given by (9) be convex with ϕ ∈ ∂ f .
For any k ≥ 2 consider sequences p = (p1, p2, . . . , pk) and q = (q1, q2, . . . , qk) (1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N, i =
1, 2, . . . , k).
Let λ and Ωk be defined as in (28). Under (27) and (19)–(21), assume that there exist index sets J1 and J2 with J1 ∪ J2 =
{1, 2, . . . , k} such that:
(i) p is v-separable on J1 and J2 w.r.t. e, i.e., there exists µ ∈ R satisfying
pj+1 − pj ≥ µ ≥ pi+1 − pi for i ∈ J1 and j ∈ J2 (35)
with the convention that pk+1 = µ(k+ 1),
(ii) q− p is λ,w-separable on J1 and J2 w.r.t. d, i.e.,
1Ωj
j−
l=1
(ql − pl)ωl ≤ λ ≤ 1Ωi
i−
l=1
(ql − pl)ωl for i ∈ J1 and j ∈ J2, (36)
where Ωh =∑hl=1 lωl for h = 1, 2, . . . , k,
(iii) Φ preserves v-separability on J1 and J2 w.r.t. e, i.e., (35) implies that there exists ν ∈ R satisfying
ϕ(pj+1)− ϕ(pj) ≥ ν ≥ ϕ(pi+1)− ϕ(pi) for i ∈ J1 and j ∈ J2 (37)
with the convention ϕ(pk+1) = ν(k+ 1).
Then the following two assertions (A), (B) hold:
(A) If
∑k
i=1(qi − pi)iωi = 0, then (17) holds.
(B) If
∑k
i=1(qi − pi)iωi ≥ 0 and
∑k
i=1 ϕ(pi)iωi ≥ 0, then (17) holds.
Proof. Observe that the sequence v is not e-positive (see (27) and (19), (20)). It is not hard to verify by (7) and (19), (20)
that condition (35) means the v-separability of p. Likewise, by (8) and (21) we can restate the λ,w-separability of q− p in
the form (36).
In light of (6), (27), (10) and (28), we obtain ⟨q − p, v⟩ = ∑ki=1(qi − pi)iωi and ⟨Φ(p), w⟩ = ∑ki=1 ϕ(pi)iωi and
λ = ⟨q− p, v⟩/⟨w, v⟩. In summary, Theorem 2.1 implies that Theorem 3.13 holds. 
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Corollary 3.14. If the conditions (i)–(iii) in Theorem 3.13 are replaced by:
(i) p is convex and nonincreasing with p1 ≤ kk+1p2,
(ii) q− p satisfies
1Ωh
h−
l=1
(ql − pl)ωl ≥ 1Ωh+1
h+1−
l=1
(ql − pl)ωl for h = 1, 2, . . . , k− 1, (38)
where Ωh =∑hl=1 lωl for h = 1, 2, . . . , k,
(iii) ϕ is convex and nondecreasing with ϕ(p1) ≤ kk+1ϕ(p2),
then the assertions (A) and (B) of Theorem 3.13 remain valid.
Proof. Condition (38) implies (36) for J1 = {1, 2, . . . ,m} and J2 = {m+1, . . . , k} for somem. On the other hand, assumption
(i) of Corollary 3.14 implies (35) for i ∈ J1 and j ∈ J2 − {k}. To see (35) for j = k, we use the property p1 ≤ kk+1p2 and the
convexity of p to get
p1 ≤ k(p2 − p1) ≤ k(pk − pk−1).
Therefore for eachµ ∈ [p2−p1, pk−pk−1]wehave pk ≤ p1 ≤ kµ, since p is nonincreasing. Hence pk+1−pk = (k+1)µ−pk ≥
µ, as was wanted. In consequence, p is v-separable on J1 and J2 w.r.t. e.
On account of assumptions (i) and (iii) of Corollary 3.14, the sequence Φ(p) = (ϕ(p1), ϕ(p2), . . . , ϕ(pk)) is convex and
nonincreasing with the property ϕ(p1) ≤ kk+1ϕ(p2). So, in a similar way to above, one can show thatΦ(p) is v-separable on
J1 and J2 w.r.t. e.
According to Theorems 3.13 and 2.1 and Remark 2.2, part (b), the proof of Corollary 3.14 is completed. 
Corollary 3.15. If the conditions (i)–(iii) in Theorem 3.13 are replaced by:
(i) p is convex and nonincreasing with p1 ≤ kk+1p2,
(ii) there exists an index m such that
1Ωj
j−
l=1
(ql − pl)ωl ≤ λ ≤ 1Ωi
i−
l=1
(ql − pl)ωl (39)
for i ∈ {1, 2, . . . ,m} and j ∈ {m+ 1, . . . , k},
(iii) ϕ is nondecreasing and convex with ϕ(p1) ≤ kk+1ϕ(p2),
then the assertions (A) and (B) of Theorem 3.13 remain valid.
Proof. Similar to the proof of Corollary 3.14. 
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